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Abstract 
For the graphs K7 - 2P2  and K7 - 3P2 we give a proof of their triangle-graph Ramsey 
numbers without using any computer support. @ 1998 Published by Elsevier Science B.V. All 
rights reserved 
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I. Introduction 
We consider finite, undirected graphs G=(V(G) ,E(G) )  without loops or multiple 
edges. By a two-colouring (R,B) we mean a colouring of the edges of G with two 
different colours, say red and blue. Let (R) ((B)) denote the subgraph of G which 
is induced by the red (blue) edges. The path, the cycle and the complete graph on 
p vertices will be denoted by Pp, Cp and Kp, respectively. For short we say that the 
set X, X c V(G) spans a red (blue) graph H if the red (blue) edges between the 
vertices in X contain a subgraph which is isomorphic to H. We define the Ramsey 
number (GL, G2) of two graphs G1 and G2 as the minimum p E N such that for each 
two-colouring of Kp either (R) contains a Gl or (B) contains a G2.  In the sequel one 
of these graphs is always isomorphic to a triangle. We then speak of triangle graph 
Ramsey numbers. 
Already Graver and Yackel (1968) gave a proof of r(K3,KT)=23 [3] and Grenda 
and Harborth (1982) showed that r(K3,K7 -e )=21 [4]. 
In [5] Xia Jin computed the triangle graph Ramsey numbers for all (853) connected 
graphs on seven vertices. Unfortunately there are some errors in his thesis. In [7] we 
determined the triangle graph Ramsey number for 812 of these graphs. Meanwhile we 
obtained a proof of the triangle graph Ramsey numbers for all 853 graphs. It turned 
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out that the proofs for the cases where G =/£7 - 2P2 and G =/£7 - 3P3 are the most 
difficult ones. In this paper we are going to prove these cases. The complete proofs 
for the remaining graphs and a list of these graphs will be given in [6]. 
Using efficient algorithms G. Brinkmann has also recently computed all these Ramsey 
numbers independently and obtained the same results. In addition he also obtained the 
triangle graph Ramsey numbers for the connected graphs on eight vertices [1]. 
Theorem 1, r(K3,1£7 - 2P2) : r(K3, K7 - 3P2) : 18. 
2. Proof 
Like in [4] we will use further notations: For a vertex v E V(G) we denote its neigh- 
bourhood in (R) or (B) by NR(v) or N~(v), respectively. Let XR(v)=NR(v)NX where 
X is a subset of  V(G) and v is a vertex in V(G) (Xe(v )=Ns(v)NX likewise). Xia 
Jin constructed in [5] the following counterexample on 17 vertices the two-colouring 
of  which contains neither a red triangle nor a blue K7 - 3P2. 
v 
Hence we have 
• r(K3, G)>~ 18 for all connected graphs containing a K7 -3P2 .  
It remains to show that 
• r(K3, G) <~ 18 for all connected graphs G C_ K7 - 2P2. 
Altogether it then follows that 
r(K3,g7 - 2P2)=r(K3,K7 - 3P2)= 18. 
Proof. Suppose that there is a two-colouring of  a K18 which avoids both a blue K7 - 
2P2 and a red triangle. I f  there is a vertex v C V(Kl8) with INR(V)I ~<4 then consider 
the subgraph H of  G where V(H)  = V(K~s)\(NR(V)tO (v}). Since IV(H)! >i 13 and 
r(K3,K6 - 2P2) = 13 [2], the blue edges of  H span a blue K6 - 2P2. Hence there is a 
blue K7-  2P2 in H U {v}. We therefore conclude INR(v)I/>5 for all v E V(K18). Now 
we are going to consider eight different cases: 
(1) INR(v)[=5 for all vE V(K18): r(K3,K6)= 18 implies that there is a blue K6. 
Say X = {aba2,bl ,b2,cl ,c2} spans this K6, where A = {al,a2},B = {hi,b2} and 
C = {Cl,C2} and let Y= V(KI8)\X. Now we observe the following: 
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• IXR(y)]~>2 for all vertices yE  Y. 
• If IXR(yl)] =2= IXR(Y2)I for two vertices Yl,Y2 E Y then XR(yl)=XR(y2) or 
XR(yl )NXR(y2)= 13, since there would be a blue /£7 -2P2  in (B) otherwise. 
• Assume that [XR(y~)[=2 for three vertices Yl,Y:,Y3 E Y and Xe(yl )=-Xe(y~) 
=XI~(y3), say Xe(yt )= {al,a2}. Then {yl,y2, y3,bl,b2,cl,c2} spans a blue K7 
and hence we conclude IXR(y)I =2 for at most six vertices in Y. 
• There are 5 x 6 = 30 red edges between X and ii. 
Let Z = {y C Y] IXR(y)I -- 2} and W = Y\Z. Altogether it follows that the follow- 
ing configuration - -  where IZ] = 6 and IXR(w)I = 3 for all w E W is the only 
possible one: 
Z1 Z2 Z3 Z4 25 Z6 
• • • • • • W 
it) 1 11)2 "w3 11)4 ~ 5 .w[; 
Avoiding a blue K7 -P2  we also know that IAR(w)] = 1, [BR(w)I = 1 and ]C~(w)l =: 
1 for all w ¢ W. In particular this implies wz E (B) for all w E W, z E Z. Assume 
that XR(Wl)={al,bl,cl}. Since INR(wl)l =5  and wlzE (B} for all zEZ the ver-- 
tex wl has two red neighbours in W, say wlw2 and wlw3 are red. Now the set 
{zL, a2, b2,c2,w2,w3} spans a blue/£6 -P> The vertex zl has no red neighbour in 
W and exactly two in X. Hence there is a vertex in {z3,z4,zs,z6} which is in blue 
adjacent o zl, say z3. But this implies that there is a b lue/(7 -2P2  - -  spanned 
by {zl,z3,a2, b2,c~,w:,w3}. 
Altogether we get a contradiction to case (1). In the sequel we have at least two 
vertices v ¢ V(KIs) with exactly six red neighbours, say INR(a)I = 6 = INR(b)I. 
(2) INe(a)NNR(b)I = 1: In this case NR(a)U {b} spans a blue /£7 -P2 .  
(3) INR(a) N NR(b)I = 5: This time NR(a) U Ne(b) spans a blue K7 - P2. 
(4) tNR(a) C~NR(b)I = 6: Let X =NR(a) ---- NR(b) and W = V(Kls)\(X U {a, b}). 
Now the following holds: 
• Since IXR(w)I>~2 for all wE W there are at least 2 x 10=20 edges between 
X and W and thus there is a vertex xEX with [WR(x)I=4. We assume 
IWR(x6)I =4 (]WR(X)I >~5 for any vertex x EX  would give a blue 1£7) and put 
Y= WR(x6) and Z=- W\Y. 
• IYR(z)I~>2 for all zEZ ,  since YU{a,b} spans a/£6 in (B). 
• Avoiding that Z tJ {a, b} spans a blue Kv - 2P: the set Z contains at least a red 
P3 U P2 or a red C4 (remember that az, bz C (B) for all z E Z). 
(a) P3 © Pe C (R) z: Since I YR(z)I >~ 2 for all z ¢ Z and, since there is no red trian- 
gle, there are at least the following red edges in Z U Y and in each case the 
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filled vertices together with {a, b} span a K7 or a K7 - 1°2 in (B): 
Z A ~ A o 
or  
oZ 
Y 
(b) C4 _C (R)z: This time there are at least the following red edges in Z tA Y: 
Zy~ z 
Z o o 
y~ y" 
Avoiding that zl (z2 resp.) together with {a,b} and either the filled or the 
unfilled vertices spans a blue K 7 -P2 ,  we conclude that Yn(zl)= Y---YR(z2). 
Since [XR(zl )[ >12, say {Xl ,x2} C_XR(zl ), there is a blue K6 spanned by NR(Zl ). 
Again avoiding a blue K7 -P2  we note that [YR(xi)[>-2 for i=3,4 ,5 .  This 
implies [NR(y)[ >_-7 ([ZR(y)[----4, [XR(y)I~>3) for at least one y E Y which 
gives a blue/£7. 
(5) [NR(a) NNR(b)[ = 2: Let NR(a) = {xl,x2,x3,x4,zl,z2}, Nn(b) = {zl,z2,xs,x6,xv,xs}, 
X 1 = {Xl,X2,X3,X4}, X 2 = {xs,x6,xT,x8}, X=X l UX 2 and Y= V(Kls)\({a,b}tA 
Ne(a)UNR(b)). Now the following holds: 
• Both yzl and yz2 are red edges or ]X~(y)[~>2 and [XZ(y)]~>2 for all yEY,  
since otherwise there would be a blue KT-2P2 spanned by {a} UX 2 U {y} tA {zi} 
or by {b} tAX l O {y} O {zi} for i = 1 or 2. 
• Let Y '=  {y E Y]yzl,yz2 E (R)}. If  [Y'I/>4 then we continue like in case (4), 
with a=zl  and b=z2. Hence [Y'] ~<3 and there is a vertex yl E Y\Y~. Suppose 
without loss of generality that ylx3, ylx4, ylxs, ylx6 E (R). 
• I f  Yl has another ed neighbour in X, say x2, then the set {x2,x3,x4,xs,x6,zl,z2} 
spans a blue K7. Hence [Xl(y)] =2 and ]X2(y)] =2 for all yE  Y\Y ' .  
• Consider a vertex y2 ~ Y~. If  Xn(yl )AXR(yz)= 0 then there is a blue K7-  P2 
spanned by {X3,X4,X5,X6,ZI,Z2,Y2} , hence let x6 EXR(yz). Avoiding that {xl} 
({x2} resp.) spans a blue K7 -P2  together with {x3,x4,xs,xo,zl,z2} we obtain 
Xl,X2 ([XR(Y2) and thus x3,x4 EXR(y2). Analogously it follows that xv,x8 qJ 
XR(Y2) , but x5 EXR(y2) which means XR(yl )=XR(Y2). Moreover, we conclude 
that XR(y)=XR(yl) for all yE Y\Y ' .  
I f  [Y ' ]=3 (put Y'={Y4,Ys,Y6}) then {a,b, y4, ys, y6}C_NR(zl) and {a,b, y4, 
Y5, Y6} C NR(Z2). NOW Zl as well as z2 has at most one red neighbour in {Yl, y2, y3 }. 
I f  these are different (or if any does not have such a neighbour) then {Xl,X2,Zl,Z2, 
yl,y2,Y3} spans a blue /£7 - 2P2. I f  both zl and z2 have the same common 
neighbour then ]Y~]~>4 which contradicts our assumption. 
If  [y/] ~<2 then there are two more vertices y3,y4 ~ YI and it follows that 
XR(Y3)=XR(Y4)=XR(yl). NOW the set {a,b, yl,yz, y3, Y4,Xl} spans a blue 
K7 - P2. 
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(6) INR(a)nNR(b)I-----4: Let NR(a)= {Xl,X2,Zl,Z2,7-3,Z4}, NR(b)~- {Zl,22,z3,z4,x3,x4}, 
Z = {zl,zz,z3,z4} and Y = V(KIs)\(NR(a)UNR(b)U {a,b}). Now we observe the 
following: 
• If xly E (R) (x2y E (R) resp.) then x3,x4 ff XR(y) for all y ¢ Y, since otherwise 
{xi,zl,z2,z3,z4,x3,x4} would span a blue/£7 -P2 .  Therefore IZR(y)I >~2 for all 
y E Y and thus [YR(z)I >_-4 (actually IYR(z)t = 4 because there is no blue K7). 
• 1 <~IYR(zi)A YR(Zj)] ~<2 for i C j, because otherwise we get a contradiction fol- 
lowing one of the previous cases depending on the value of  IYe(zi)N YR(Z/)I. 
(a) Suppose IYR(zi)N YR(zj) I=2 for at least one pair (i,j), say YR(zl)= {Yl,Y2, 
Y3, Y4} and YR(z2) --- {Y3, y4, ys, y6}. To avoid that {a, b} tA Ye(zl ) U {yi } for 
i=5 ,6  or {a,b}UYR(zz)U{yi} for i---- 1,2 span a K7 -P2  in (B), the edges 
YsYl, Y6yl, Ysy2, Y6y2 are red. Since there is no red triangle either we conclude 
{yT, y8 } c_ YR(z3 ) N YR(z4). If  YR(z3 ) = {yl, Y2, y7, Y8 } then YR(z:) ~ YR(z~ ) = O. 
Analogously we get a contradiction if Y~(z3)= {ys, y6, y7, y8} or if we replace 
z3 with z4. Hence we suppose YR(z3)={y:,y3,yT, y8} and YR(z4)={y4,Y5, 
YT, Ys}. Then {a, b, y:, Y3, y~, Y7, YS} spans a blue/£7 - P2. 
(b) I Y~(zi) ~ Ys(Zl)I = 1 for all i C j  contradicts IZI = 4 and I YI = 8. 
(7) IN~(a) ~Ne(b) l - -  3: Let N~(a) = {Xl,X:,X3,Zl,Z2,Z3}, NR(b) = {z~,z:,z3,x4,x~,x6}, 
X ~ = {xl,x2,x3}, X 2 = {x4,xs,x6}, X =X 1 UX ~, Z = {z,,z2,z3} and Y = V(K,s)\ 
(NR(a) U Na(b)U {a, b}). Now we derive contradictions considering the red edges. 
.r 1 X 2 X 3 
X4 X5 ~6 
• Avoiding a blue K7-2P2 in Z UX 1 U {xi} for i = 4, 5, 6 and also in Z UX 2 U {xi} 
for i=  1,2,3 we conclude IXR(x)I >~2 for all x EX. Hence there are at least the 
following edges between X 1 and X2: 
• Avoiding that {xl,x3,xg,x6,zl,z2,z3} spans a blue K7 - 2P2 we suppose that 
xlx6 is a red edge. Also, since otherwise {x:,x3,x4,xs,zl,z2,z3} spans a blue 
K7 -- 2P2, we suppose X3X 4 C (R). 
• Each yEY  has at least two red neighbours in X 1UZ and in X2UZ. But 
yxi E (R) for i=  1 or 3 implies that yxi ~ (R) for i=  4, 5, 6 which gives that 
y has at least two red neighbours in Z. Analogously, from yxi ¢ (R) for i ---- 4 
or 6 it follows that y has at least two red neighbours in Z. 
Altogether we conclude that yx2 and yx5 E (R) or that y has at least two red 
neighbours in Z. 
• Since INR(x2)I ~<6 there are at least 11 red edges between Y and Z. Let IYR(zl )1 == 
4= IYR(z2)I (consider that tNR(v)I ~<6 for all v E V) and according to (2) - (6)  
we have IYR(zl)NYR(z2)I= 1, say IYR(zl)I ={yl,y2, Y3,C} and IYR(z2)I ={c, y4, 
Ys, Y6}. For symmetric reasons (INR(zl)l = 6 = INR(z2)], INR(zl ) N Ne(z2)l = 3) we 
know that the following edges between y l _  {yl, y2,y3} and y2= {ym, ys, y6} 
196 A. Schelten, I. Schiermeyer/Discrete Mathematics 191 (1998) 191 196 
are red: 
(8) 
Yl Y2 Y3 
Y4 Y5 Y6 
I f  one of  the vertices Yl, Y3, Y4 and Y6 has only one red neighbour in Z - and 
hence has a red edge to x2 and to x5 - -  then INR(Yi)[ =6 and [NR(Yi)MNR(a)I----2 
for i=  1,3,4,6. This contradicts case (5), thus IZR(Yi)[>~2 for all i=  1,3,4,6. 
By the choice of  y1 and y2 also IZR(C)I/>2 holds. Then there are at least 12 red 
edges between Y and Z which means that INR(z3)I/>6 and INR(zi)MNR(z3)I ¢ 3 
for i= l  or 2. 
NR(a)ANR(b)={3: I f  a and b are nonadjacent in (R) then NR(a)U{b} spans 
a blue K7. Hence abE (R) and let X I =NR(a)\{b} = {xl . . . . .  xh}, X 2 =NR(b)\ 
{a} = {x6 . . . . .  xl0} and Y = V(K18)\(X 1 t2X 2 t2 {a,b}). From the cases (2) - (7)  
we conclude INR(V)[ = 5 for all v E V(K18)\{a,b}. Avoiding a blue K7 -2P2  we 
also know IXRI(y)I ~>2 and [XR2(y)I ~>2 for all yE  Y which means that each yE  Y 
has at most one red neighbour in Y. Also avoiding that Y U {a, b} contains a blue 
K7 -2P2  we conclude that Y contains exactly three independent red edges, say 
YlY2,Y3Y4, YhY6 E (R). Thus IX~(y)] =2 and IX2(y)l =2 for all yE  Y which im- 
plies that there are 12 red edges between X 1 and Y and 12 red edges between 
X 2 and Y. Also each vertex x EX  1 has at least one red neighbour in X z and vice 
versa. Now there is one vertex in X 1, say xh, which has exactly three red neigh- 
bours in Y and exactly one in X 2, so let xhyl,xhy3,xhy5 and xhx6 be red edges. 
The vertex x6 has at least two red neighbours in Y, say Y4 and Y6 (remember that 
there is no red triangle). Since ]X2(y)l =2  for all y E Y we know that Y4 has 
exactly one additional red neighbour in X 2, thus the set {a, xh,x7,x8,x9,Xlo, Y4} 
spans a b lue/£7-2P2 where the edges ax5 and y4xi for some i E {8, 9, 10} are red. 
This gives our last contradiction and hence we conclude that r(K3,K7- 2P2)~< 18. 
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